It is demonstrated that the original reductio ad absurdum proof of the generalization of the Hohenberg-Kohn theorem for ensembles of fractionally occupied states for isolated many-electron Coulomb systems with Coulomb-type external potentials by Gross et al. [Phys. Rev. A 37, 2809] is selfcontradictory since the to-be-refuted assumption (negation) regarding the ensemble one-electron densities and the assumption about the external potentials are logically incompatible to each other due to the Kato electron-nuclear cusp theorem. It is however proved that the Kato theorem itself provides a satisfactory proof of this theorem.
The Hohenberg-Kohn theorem [1] that underlies the foundation of the density functional theory (see Ref.
[2] and references therein) has been generalized in a number of ways, particularly for ensembles of fractionally occupied states by Gross et al. [3] (EGHK theorem) and for the degenerate ground states by van Leeuwen [4] (DGHK theorem). Both these theorems have been proved invoking the reductio ad absurdum method that was used in the original proof of the Hohenberg-Kohn theorem [1, 5] .
By analogy with the recent work [5] , the present Note re-examines the proof by reductio ad absurdum of the EGHK theorem and demonstrates that, although its statement is generally correct, its original proof cannot be maintained if the external potential is of Coulomb type because otherwise it implies that the supposed ensemble one-electron densities should violate the Kato electron-nuclear cusp conditions provided by the Kato theorem. It is however proved that the Kato theorem itself completely guaranties a validity of the EGHK theorem. The original proof of the DGHK theorem can be treated in a similar fashion.
In order to proceed with the EGHK theorem, let us consider an N-electron system defined by the Hamiltonian H Proposal 1 (EGHK theorem [3] ): If there exist two ensemble one-electron densities,
corresponding to the Hamiltonian H N v , and
composed of the weighted one-electron densities ρ 
Proof: The original proof of the EGHK theorem [3] is based on the method of Reductio 
(premise or proposition P 1 ). It is further assumed (premise P 2 ) that H Define the corresponding N-electron density matrices with a given w ∈ [0, 1/2],
and
(3) implies that [3]
To proceed with the R. A. A. proof of this theorem, the to-be-refuted assumption, i.
e., the negation of the desired statement, is chosen as the following premise [3] ρ(r) = ρ ′ (r) ≡ ρ(r).
Applying the Rayleigh-Ritz variational principle (see, e. g., Eq. (4) of Ref. [6] ) to Eqs. (4) and (5), one derives a pair of the following inequalities
(Eqs. (7) and (8) of Ref. [3] ). Adding them to each other leads to the contradiction,
as derived from the premises P 1 and P 2 , and the negation (7). Equation (9) is absurd.
Its absurdity can be resolved, as Gross et al. conclude [3] , by asserting that the to-berefuted assumption (7) following Suppes [7a] ; usually by ∧) of the premises P 1 (see note [8] ) and P 2 comprises the set I of the initial premises given as true. To decide if these premises are consistent [7] , deduce from them some formal consequences or implications which are also true:
If v(r) and v
′ (r) are both of Coulomb form (premise P 3 ∈ I, by definition), that is,
(the αth nucleus with the nuclear charge Z α is placed at R α ∈ ℜ 3 , and similarly for the primed quantities) then, according to the Kato electron-nuclear cusp theorem [9] , from the conjunction P 1 & P 2 & P 3 one deduces the conditional proposition Q 2 :
where the superscript 'av i ' indicates the average of | k or | k ′ over an infinitesimally small ball centered at r i (i = 1, 2, ..., N) and k, k ′ = 1, 2.
where the ensemble one-electron densities ρ(r) and ρ ′ (r) are defined by Eqs. (1) and (2).
Proof: P 3 implies that the Kato theorem holds for the corresponding one-electron densities:
where the superscript 'av' indicates the average of ρ k or ρ ′ k over an infinitesimally small ball centered at r. If, in addition, the premise P 1 is an authentic truth, the ensemble one-electron densities ρ(r) and ρ ′ (r) obey different Kato cusps:
Therefore, they distinguish from each other that implies Q 3 . Q. E. D.
According to the R. A. A. method, the next step of the proof by contradiction, after asserting of the set I of the initial premises and verifying their authentical truths, is to introduce "the negation of the desired conclusion as a new premise" (see, e. g., Ref.
[7a], p. 39) and to prove then that this new premise leads to a logical contradiction with the set I. The total set J of the considered premises is the following:
(ii) the to-be-refuted premise −S given by Eq. (7).
Within the R. A. A. method, the proposition −S (i. e., "not S" ≡ negation of S) is equivalent to the proposition that S is false [7, 10] . The proposition "S is false", that is actually "ρ(r) = ρ ′ (r)", is therefore explicitly equivalent to the conditional proposition (12)) which is deduced in 3. and which is true if the premise P 3 is true. Hence, S cannot be false. This straightforwardly implies the intrinsic falsity of the negation −S that exists within the set J and hence does not require any other proof "beyond" J to show it [7] (see also note [11]), by analogy with the Rayleigh-Ritz variational principle applied in Ref. [3] . Equivalently, the set I of the initial premises given as true is incompatible ("inconsistent", see p. 36f of Ref. [7a] and notes [12, 13] ) with the negation −S, and thus, the R. A. A. proof cannot be rigorously mantained in the way suggested in Ref. [3] . This proves the following Coulomb-type external potentials the EGHK statement is correct.
In conclusion, the present Note demonstrates that the Kato theorem itself provides the direct proof of the EGHK theorem for N-electron systems with the Coulomb class of external potentials. A similar reasoning can be trivially applied to the original proof of the DGHK theorem given in Ref. [4] to show that its original proof is self-contradictory too, as though the statement of the DGHK theorem is correct, due to the Kato theorem.
With regard of the EGHK theorem, it is also worth mentioning the super-Hamiltonian approach to the ensemble-density functional theory that was originally introduced by Theophilou [14] and further developed by Katriel [15] , and also in Ref.
[16] within the local-scaling-transformation method of the density functional theory [2c, 17].
